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ABSTRACT 


The  shear  modulus  of  elasticity  of  a  fiber  reinforced  composite  Is  an  extremely  Important 
mechanical  property.  The  problem  of  experimentally  determining  appropriate  shear  modulus 
for  orthotropic  material  a  such  as  fiber  reinforced  eomponitee  la  not  as  simple  and  straight¬ 
forward  as  In  Isotropic  materials,  and  care  mu  at  bn  taken  both  in  the  experimental  methods 
and  deviation  and  use  of  the  appropriate  equations. 

This  report  presents  four  acceptable  methods  for  detsrmlnlng  the  shear  modulus  of  ortho- 
tropic  materials.  Two  methods  are  appropriate  for  determining  In -plane  sheer  modulus  and 
two  others  are  for  determining  “bending*  shear  modulus  which  Is  applicable  in  calculating 
buckling  loads  of  laminated  pistes  and  shells.  A  discussion  of  each  method  preoedes  the  method 
of  experimental  determination.  The  derivation  of  all  pertinent  equations  are  presented  In  the 
appendix  for  easy  reference.  I 
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-  Normal  stress  acting  In  the  i  direction 
=  Shear  stress  acting  on  i-j  plane 

=  Normal  shear  strain  in  the  i  direction 

-  Shear  strain  in  the  i-j  plane 
=  Tensile  modulus 

=  Displacement  In  the  x  direction  for  Cartesian  coordinate  system 

-  Displacement  in  the  y  direction  for  Cartesian  coordinate  system 
=  Displacement  in  the  z  direction  for  Cartesian  coordinate  Bystem 
=  Poisson's  ratio 
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INTRODUCTION 


In  determining  the  usefulness  of  a  composite  material  as  a  structural  member,  It  becomes 
extremely  important  to  know  its  behavior  under  shear  stresses.  This  means  that  shear  strength 
and  shear  modulus  must  be  determined.  This  report  will  be  concerned  with  methods  for 
experimentally  measuring  shear  modulus. 


If  a  flat  plate  is  subjected  to  a  pure  shear  stress  8  »s  shown  in  Figure  1,  it  will  undergo 
a  shear  strain  y .  defined  by  the  angle  8  .  Thus  7  -  8. 


Figure  1.  Flat  Plate  Subjected  to  Shear  Stress 


In  the  case  of  a  perfectly  elastic  body  Hooke’s  law  tells  us  that  t  Is  directly  proportional 
to  7 .  The  proportionality  constant  Q  is  the  shear  modulus  or  as  it  is  often  called  the  "modulus 
of  rigidity.*  Thus  it  is  a  measure  of  a  body's  resistance  to  deformation  due  to  shear  stresses 
being  applied. 

Lambasted  structures  present  a  rather  unique  situation  because  G  may  talcs  on  two  distinct 
values  depending  on  the  application  of  the  shear  stresses.  If  s  laminate  of  n  layers  is  subjected 
to  shear  shress  as  shown  in  Figure  1,  the  deformation  will  occur  in  the  x-y  piano  and  its 
shear  modulus  may  be  determined  from  the  shear  mockilus  of  each  layer  by  using  the  following 
formula: 


I  * 


1. 

i 


(I) 


where  G}  and  tj  are  the  shear  modulus  and  thickness  respectively  of  each  individual  layer. 
The  total  thickness  of  the  panel  is  denoted  by  t.  Gg  denotes  the  in-plane  shear  modulus. 

If  a  laminate  is  subjected  to  twisting.  It  will  undergo  shear  deformation  which  is  three 
dimensional,  that  is,  outside  the  x-y  plane.  Tbs  rigidity  or  resistance  to  twisting  of  the 
laminate  now  becomes  a  function  of  the  moment  of  Inertia  of  the  cross  section  just  as  the 
stiffness  of  a  beam  subjected  to  bending  is  a  function  of  the  moment  of  Inertia.  Thus  the 
formula  for  G  as  a  function  of  the  properties  in  each  individual  layer  becomes; 
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n 

G1  =  Zg.  I.  (2) 

1*1  •  1 

where  1^  is  the  moment  of  Inertia  of  the  cross  section  of  each  individual  layer  with  respect  to 

the  centroidal  axis  of  the  laminate  cross  section  and  I  is  the  moment  of  inertia  of  the  entire 
cross  section  with  respect  to  the  same  axis,  G  denotes  the  “bending"  shear  modulus  which  is 
applicable  In  the  calculation  of  buckling  loads  of  laminated  plates  and  sheets.  Thus  we  can 
see  from  Equations  1  and  2  there  is  a  numerical  difference  which  occurs  In  the  case  of 
laminates  and  not  in  the  case  of  a  one  layer  com  josite  with  unidirectional  fibers. 

Two  of  the  experimental  methods  reported  will  Involve  twisting  (three  dimensional  defor¬ 
mation)  of  the  test  sample  and  will  therefore  determine  the  twisting  modulus  of  rigidity. 
Equations  will  be  derived  which  will  allow  the  modulus  of  rigidity,  for  in  plane  deformation, 
to  be  calculated  from  tensile  modulus  at  O',  48*.  and  90*  and  Poisson's  ratio.  In-plane  shear 
tests  are  extremely  difficult  to  perform.  The  test  method  described  In  this  report  which 
deale  with  in-plane  shear  modulus  has  limitations  which  will  be  discussed.  The  four  methods 
of  shear  modulus  determination  described  have  all  been  used  with  good  results.  The  equations 
used  in  the  calculations  have  been  completely  derived  for  easy  referenoe  and  appear  in  the 
appendix. 

It  should  be  noted  that  all  methods  presented  In  this  report  determine  shear  modulus  due 
to  panel  shear  as  opposed  to  Interlaminar  shear.  This  is  illustrated  in  Figure  2  for  the  case 
of  a  laminated  structure  in  the  form  of  a  flat  plate.  Panel  shear  involves  shear  modulus 


relating  shear  stress  to  shear  strain  occurring  in  the  x-y  plane.  Interlaminar  shear  Involves 
shear  modulus  relating  shear  stress  to  shear  strain  in  either  the  x-z  or  y-z  plane. 
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CALCULATIONS  OF  IN- PLANE 
SHEAR  MODULUS 


The  shear  nuxfcilus  of  an  orthotropic  system  exhibiting  Hooklan  behavior  may  be  obtained 
by  knowing  the  moduli  of  elasticity  along  the  natural  axis,  Poisson’s  ratio  and  another  elastic 
mochilus  at  some  angle  to  one  of  the  natural  axis. 

Mathematically,  we  may  derive  this  equation  by  use  of  the  stress-strain  relations  for 
orthotropic  plates.  Then  by  use  of  transformation  equations,  we  may  derive  equations  for 
stress  related  to  a  new  axis.  A  similar  derivation  may  be  obtained  for  strain.  Relating  the 
stress  and  strain  equation  an  expression  for  shear  modulus  follows: 

The  eolation,  when  6  =  45  is: 


I 


4 

E4. 


«« 


ft 


II 


-*  *..) 


Where: 


G  *  in-plane  shear  modulus 

B 

E+5  *  modulus  of  Elasticity  at  45*  to  the  natural  axis 
«  modulus  of  Elasticity  along  a  natural  axis 

«  Poisson’s  Ratio  -  ratio  of  strain  along  the  1  axis  to  strain  along  the  2  axis 
E^j  *  modulus  of  Elasticity  normal  to  E^ 


(3) 
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EXPERIMENTAL  DETERMINATION  OF  IN-PLANE 
SHEAR  MODULUS 


GENERAL  DESCRIPTION 

The  ln-piane  sheer  modulus  can  he  determined  experimentally  by  deforming  a  enoare  panel 
into  a  rhombic  shape  as  shown  In  Figure  S.  This  oan  toe  aohieved  by  ae/eral  methods.  The 
square  panel  oan  be  forced  directly  to  assume  a  rhombic  shape.  The  dlffloulty  of  this  method 
Is  keeping  the  panel  flat  Airing  the  test.  Any  distortion  occurring  will  lead  to  error.  Another 
method  is  the  picture  frame  test  In  which  the  specimen  is  placed  Into  a  square  straining  frame 
with  pinned  corners.  The  frame  (specimen)  is  deformed  Into  a  rhombic  shape  as  shown  in 
FigUre  4.  A  third  method  In  an  edge  flexure  (that  la,  the  specimen  la  oriented  so  that  the 
laminations  are  distributed  through  the  width  rather  than  through  the  thickness)  test  as  shown 
in  Figure  5.  Slnoe  thin  is  a  two  point  load  application,  the  portion  of  the  beam  between  the 
load  points  dafleota  aa  a  function  of  bending  only.  But  the  deflection  ns  measured  from  the 
support  to  the  mid- span  is  additive,  and  therefore,  the  deflection  due  to  shear  oan  be  de¬ 
termined  by  the  deflection  of  both  the  quarter  and  mld-polnta.  Using  the  equations 

for  deflection 


Px 

6EI 


«  7 


»*  - 


PL*  .  5 PL  L 
S94B  lM  4 


**  T 


(4) 


15) 


and  substituting  distances  to  the  measuring  points,  the  in-plane  shear  modulus  oan  be  solved 
with  simultaneous  equations.  The  result  is: 


V  «A  )  i6> 

4  * 

Plastic  laminates  relnforoed  with  parallel  fiber  or  cloth  layers  are  orthotropio,  that  la, 
three  mutually  perpendicular  axes  of  symmetry.  As  p?  eriously  mentioned,  the  in-plane  shear 
modulus  can  be  obtained  In  the  edgewise  flexure  test. 

OUTLINE  OF  TEST  PROCEDURES 

A  bar  of  rectangular  cross-section  is  tested  In  edgewise  flexure  ns  a  simple  beam,  the 
bar  resting  on  two  supports.  Tbs  span  should  be  at  least  ten  times  the  depth  cf  the  specimen. 
The  load  la  applied  at  the  two  quarter  points  L/4  and  3L/4. 

Apparatus 

(a)  Tasting  Machine  —  a  properly  calibrated  testing  machine  which  can  be  operated  at 
constant  rates  of  orosshoad  motion  over  tha  range  indicated,  and  the  error  in  the  load  Indicating 
bystem  shall  not  exceed  a  1  percent.  It  shall  be  equipped  with  a  deflection  measuring  device. 
The  stiffness  of  the  testing  machine  shall  be  such  that  tha  total  elastic  deformation  of  the 
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Figure  5.  Quarter  Point  Edgewise  Flexure 
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system  does  not  exceed  X  percent  of  the  total  deflection  of  the  teet  specimen  during  test  or 
appropriate  corrections  shall  be  made.  The  load  indicating  mechanism  shall  be  essentially 
free  from  inertia  lag  at  the  orosshead  rate  used. 

(b)  Loading  Nose  and  Supports  —  the  loading  nose  and  supports  shall  hare  cylindrical 
surfaces.  In  order  to  avoid  excessive  indentation,  the  radius  of  the  nose  and  supports  shall  be 
at  least  M  mm  (1/8  in.)  for  all  specimens. 

Test  Specimens 

The  specimens  may  be  out  from  ahaata,  plates,  or  molded  shapes,  or  may  be  molded  to  the 
desired  finished  dimensions. 

For  Materials  1.6  mm  (1/16  in 4  or  Greeter  in  Thickness  —  for  edgewise  tests  the  width 
of  the  specimen  «h*n  be  the  thickness  of  the  sheet  and  the  depth  shall  not  exceed  the  width 
(Notes  1  end  2*).  For  all  tests  the  space  shall  be  at  least  10  times  the  depth  of  the  beam.  The 
specimen  shall  be  long  enough  to  allow  for  overhanging  on  each  end  of  at  least  10  percent  of 
the  span,  but  in  no  oass  less  than  6.4  mm  (1/4  in 4  on  each  sod.  Overhang  shall  be  sufficient 
to  prevent  the  specimen  from  slipping  through  the  supports. 

Number  of  Teat  Specimens 

(a)  At  leaat  five  specimens  shall  be  tested  for  each  sample  in  the  oaae  of  isotropic  ma¬ 
terials  or  molded  specimens. 

<b>  For  each  sample  of  anisotropic  material  in  sheet  form,  at  least  five  specimens  shall 
be  tested  for  each  condition.  Recommended  conditions  are  flatwise  and  edgewise  teste  on 
specimens  out  in  lengthwise  and  crosswise  directions  of  the  sheet.  For  purposes  at  this  teat, 
“lengthVae"  shall  deeipiate  the  principle  axis  of  anisotropy,  and  shall  be  interpreted  to 
mean  toe  direction  of  the  sheet  known  to  be  the  stronger  in  flexure.  "Crosswise”  shall  be  the 
sheet  direction  known  to  be  the  weaker  in  flexure,  and  shall  be  at  60  degrees  to  the  lengthwise 
direction. 

Conditioning  Test  Specimens 

Unless  otherwise  Indicated  in  Material  Specifications,  all  teat  specimens  shall  be  con¬ 
ditioned  in  accordance  with  Procedure  A  described  in  Section  4(a)  of  the  Methods  of  Condition¬ 
ing  PlastloB  and  Electrical  Insulating  Materials  for  Testing  (A STM  Designation:  D  618)  ,  and 
testa  be  conducted  in  the  Standard  Laboratory  Atmosphere  as  defined  In  the  same 

specification. 


♦Note  1  —  Whenever  possible,  the  original  surfaces  of  the  sheet  shall  be  unaltered.  However, 
where  machine  limitations  make  it  impossible  to  follow  the  above  criterion  on  the  unaltered 
sheet,  both  surfaces  shall  be  machined  to  the  desired  dimensions  and  the  location  of  the  speci¬ 
mens  with  reference  to  the  total  thloknoas  shall  be  noted.  The  values  obtained  on  specimen* 
with  machined  surfaces  may  differ  from  those  obtained  on  specimens  with  original  surfaces. 
Consequently,  any  specification*  for  flexural  properties  on  the  thicker  sheets  must  state 
whether  the  original  surfaces  are  to  be  retained  or  not. 

♦Note  2  —  Edgewise  tests  are  not  applicable  for  sheets  that  are  so  thin  that  specimens 
meeting  these  requirements  cannot  be  out.  If  specimen  depth  exceeds  tbs  width,  buckling 
may  occur. 
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Procedure 

(a)  Use  an  untested  specimen  for  each  measurement.  Measure  the  width  ard  thickness 
of  the  specimen  to  the  nearest  0.03  mm  <0.001  in.)  at  the  center  of  the  span.  For  specimens 
less  than  2.54  mm  (0.100  in.)  in  thickness,  measure  the  thickness  to  the  nearest  0.003  mm 
<0.0001  ind, 

(b)  Determine  the  span  to  be  used  as  described  in  Section  5.  After  the  span  is  set, 
measure  the  actual  span  length  to  the  nearest  1  percent. 

(c)  Where  Table  1  Is  used,  set  the  machine  for  the  specific  rate  of  crosohead  motion,  or 
as  near  as  possible  to  it . 

(d)  Align  the  loading  nose  and  supports  so  that  the  axes  of  the  cylindrical  surfaces  are 
parallel  and  the  loading  nose  is  midway  between  the  supports.  This  parallelism  may  be 
checked  by  means  of  a  plate  with  parallel  grooves  into  which  the  loading  nose  and  supports 
will  fit  when  properly  aligned.  Center  the  specimen  on  the  supports,  with  the  long  axis  of 
the  specimen  perpendicular  to  the  loading  noses  and  supports. 

(e)  Apply  the  load  to  the  specimen  at  the  specified  crosshead  rate,  and  take  simultaneous 
load-deCLeotlon  data.  Deflection  shall  be  measured  either  by  gages  under  the  specimen  in 
contact  with  it  at  the  center  of  the  span,  and  at  one  quarter  point,  the  gages  being  mounted 
stationary  relative  to  the  specimen  support,  or  by  measurement  of  the  motion  of  the  loading 
nose  relative  to  the  supports  with  a  gage  at  mid-span.  In  either  case,  appropriate  corrections 
for  indentation  in  the  specimens  and  dsfleotions  in  the  weighing  system  of  the  machine  shall 
be  made.  Load-deflection  curves  may  be  plotted  to  determine  shear  modulus. 


TABLE  1 

SUGGESTED  DIMENSIONS  FOR  TEST  SPECIMENS 


Nominal 
Specimen 
Thickness, 
mm  (in. ) 

Width  of 
Specimen, 
mm  (in.) 

Length  of 
Specimen, 
mm  (in.) 

Test  Span, 
mm  (in.) 

Rate  of  Cross- 
head  Motion 
mm  (in.)  per 
min. 

0. 8  (1/32) 

1.6  (1/16) 

2.4  (3/32) 

3.2  (1/8) 

4. 8  (3/16) 

6.4  (1/4) 

9.6  (3/8) 

12.7  (1/2) 

19. 1  (3/4) 

25.4  (1) 

25.4  (1) 

25.4  (1) 

25.4  (1) 

25.4  (1) 

12.7  (1/2) 
12.7  (1/2) 
12.7  (1/2) 
12.7  (1/2) 
19.1  (3/4) 
25.4  (1) 

50. 8  (2) 

50.  8  (2) 

63.5  (2  1/2) 

76.  2  (3) 

102  (4) 

127  (5) 

191  (7  1/2) 

254  (10) 

381  (15) 

495  (191/2) 

15.9  (5/8) 
25.4  (1) 

38.1  (11/2) 
50. 8  (2) 

76.  2  (3) 

102  (4) 

152  (6) 

203  (8) 

305  (1  2) 

406  (16) 

0. 51  (0.  02) 

0.  76  (0.  03) 
1.02  (0.04) 
1.27  (0.  05) 

2.  03  (0.  08) 
2.79  (0.11) 
4.06  (0.  16) 
5.33  (0.21) 

8.  13  (0.32) 
10.92  (0.43) 
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Retests 

Values  for  properties  of  sheer  mockilua  shell  not  be  calculated  for  any  specimen  that 
breaks  or  buckles  at  some  obvious,  fortuitous  flew,  unless  such  flaws  constitute  a  variable 
being  studied.  Retests  shell  be  mads  for  any  specimens  on  which  values  are  not  calculated. 

Calculation  of  Shear  Modulus 

A  beam  is  tested  'n  edgewise  flexure  as  a  simple  beam  supported  at  two  points  and  loaded 
at  the  quarter  points.  The  shear  mockilua  in  the  plane  of  the  panel  can  be  calculated  with  the 
following  equation. 


*•  *  (7) 

4  7 


where*. 

O  «  in-plane  shear  modulus 

y^/4  m  deflection  at  the  quarter  point  in  millimeters  (inchea) 
yL/2  ■  deflection  at  mid-span 

Note  that  this  equation  is  based  on  the  difference  between  two  dafleotlona.  Thus  extreme 
cure  must  be  exercised  in  making  these  measurements  or  the  remits  will  not  be  accurate. 

A  *  bd,  the  cross  sectional  area  in  square  centimeters  (square  inches) 

P  *  load  at  a  given  point  on  the  load  deflection  curve,  in  kilograms  (pounda) 

L  -  span,  in  centimeters  (inches) 

b  -  width  of  beam  tested,  in  centimeters  (inches)  and 

d  -  depth  of  beam  tested,  in  centimeters  (inches) 

Arithmetic  Mean  —  for  each  series  of  tests,  the  arithmetic  mean  of  all  values  obtained 
shall  be  calculated  to  three  significant  figures  and  reported  as  the  "average  value11  for  the 
particular  property  in  question. 

Standard  Deviation  —  the  standard  deviation  (estimated)  shall  be  calculated  as  follows  and 
reported  to  two  significant  figures: 


S 
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where: 

S  -  estimated  standard  deviation 
X  -  value  of  single  observation 
s  “  number  of  observations 
3T  -  arithmetic  mean  of  the  set  of  obeervations 
Report  —  the  report  shall  include  the  following 

(1)  Complete  identification  of  the  material  tested.  Including  type,  source,  manufacturer’s 
cods  number,  form,  principal  dimensions,  and  previous  history, 

(2)  Directions  of  cutting  and  loading  specimens, 

(3)  Condttionirg  procedure, 

(4)  Depth  and  width  of  the  specimen, 

(5)  Span  length, 

(6)  Span  to  depth  ratio, 

(7)  Radius  of  supports  and  loading  nose, 

(8)  Rate  of  crosshead  motion  in  millimeters  (inches)  per  minute, 

(8)  Maximum  strain  in  the  outer  fiber  of  tbs  specimen, 

(10)  Shear  nunhiius,  average  and  standard  deviation. 

The  above  outline  is  based  on  A  STM  Designation:  D  780-03,  'Standard  Method  of  Test  for 
Flexural  Properties  of  plastics,*  and  Military  standard  401A,  'Sandwich  Constructions  and 
Core  Materials;  General  Test  Methods.* 
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FOUR  POINT  LOADING  TEST 


GENERAL  DESCRIPTION 

The  saddle  teat  or  four  point  loading  la  useful  in  determining  one  of  the  three  possible 
shear  moduli,  where  with  the  torsion  test  of  rectangular  beams,  the  effects  of  two  of  the 
three  moduli  are  combined.  In  the  saddle  test,  the  shear  modulus,  G,  is  measured  by  imposing 
a  pure  twisting  moment  on  a  square  plate.  This  is  accomplished  by  plncing  four  equal  forces 
at  the  corners  of  the  square  plate.  The  forces  are  perpendicular  to  the  plate  with  those  forces 
at  the  first  and  third  (diagonal)  comers  being  upward  and  the  other  two  forces  downward.  The 
corner  loads  force  the  square  plate  to  assume  a  hyperbolic  paraboloid  or  a  saddle  shaped 
surface.  The  sections  of  the  surface  made  by  vertical  planes  through  the  diagonals  are  two 
identical  parabolas,  cns  conoave  upward  and  ths  other  ooncave  downward,  with  the  vertices 
at  the  center  of  the  plate. 

The  shear  modulus,  G,  can  be  computed  from  the  ratio  of  the  imposed  loads  and  the  vertical 
deflections  of  the  plate  with  respect  to  the  center  of  the  plate  under  test.  The  derivation  of 
the  following  equation  is  found  in  Appendix  in. 


G 


3Pxy 


(9) 


where: 

P  *  the  load  applied  at  each  corner  (lb) 
t  ■  plate  thloknesa  (in) 

w  *  deflection  of  a  point  (x, y)  on  the  diagonal  with  respect  to  the  center  of  the  plate  (In) 
(x,y)  *  coordinates  of  the  point  on  the  diagonal  (in)  (See  Figure  16) 

G  -  shear  modulus  with  respeot  to  the  plane  of  the  plate  (pel) 

The  equation  becomes: 


G 


(10) 


where: 

u  *  the  diagonal  distance  from  the  center  to  point  (x,y) 

To  insure  oorrect  test  results  the  following  steps  are  necessary: 

(1)  Never  exceed  one-half  the  proportional  limit  of  the  material. 

(3)  It  is  recommended  not  to  let  u  exceed  half  the  dlstanoe  from  the  center  to  the  corner 
of  the  plate,  thus  avoiding  any  localized  loading  conditions  at  the  comers  of  the  plate. 
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(3)  Since  both  the  testing  machine  and  the  Indicated  deflection  are  twice  the  actual  load  at 
eaoh  corner  and  the  deflections  of  one  point  with  respect  to  the  center,  the  indicated  values  may 
be  substituted  for  P  and  w. 

When  possible,  fairly  thick  specimens  should  be  used  in  order  to  avoid  effects  associated 
with  initial  ourvature.  The  side  to  thickness  ratio  should  be  maintained  between  25:1  and  50:1. 
If  any  initial  curvature  Is  present,  it  can  be  minimized  by  obtaining  two  load- deflection  curves, 
one  with  two  given  corners  deflected  downward  and  the  second  curve  with  these  corners 
deflected  upward.  If  there  is  a  large  difference  in  the  two  calculated  shear  moduli  because  of 
a  deflection  which  is  too  large  or  lack  of  symmetry  in  their  lay-up,  the  average  of  the  moduli 
cannot  be  accepted  as  a  good  value  of  the  actual  shear  modulus.  In  order  to  apply  this  test  to 
orthotropio  materials,  the  orthotropic  axis  must  be  parallel  to  the  sides  of  the  specimen 
(See  Appendix  m) . 

If  the  plate  is  deflecting  according  to  theory,  then  lines  drawn  on  the  faces  of  the  square 
test  specimen,  parallel  to  the  edges,  must  remain  straight  during  the  experiment.  A  straight 
edge  may  be  used  to  determine  whether  gross  departures  from  the  theoretical  assumptions 
exist  in  any  given  plate.  Also,  the  deflections  of  the  four  gage  points  with  respect  to  the  center 
should  be  approximately  equal. 

The  shear  modulus  fixture  is  shown  in  Figure  6. 

As  mentioned  before,  localised  loading  effects  may  exist  at  the  oorners.  To  avoid  this,  the 
sharp  loading  points  found  in  the  fixture  (Reference  1)  may  be  replaced  with  roller  bearings 
(micrometer  ball  attachments) .  The  use  of  roller  bearings  at  the  loading  points  allows  the 
plate  to  shift  its  points  of  contact  as  deflection  occurs.  The  rounded  surface  also  distributes 
foroe  better  than  a  pointed  support  which  may  indent  the  test  plate.  This  Indentation  may 
cause  separation  of  the  fibers  of  a  reinforced  specimen  as  the  load  increases. 

In  order  to  eliminate  reader  error  when  recording  load  verses  deflection,  the  dial  indicator 
may  be  replaced  with  a  mic  roformor  which  allows  use  of  the  x-y  recorder.  This  newer  method 
may  be  necessary  when  testing  low  modulus  materials,  where  the  rate  of  deflection  to  load 
approaches  the  0 .3*  /min  crosshead  speed. 

OUTLINE  OF  EXPERIMENTAL  PROCEDURES 

Direction  of  Grain  —  the  orthotropic  axis  of  the  laminate  shall  be  parallel  and  perpendicular 
to  the  edges  of  the  test  specimen. 

Test  Specimen  —  the  test  specimen  shall  be  square,  with  the  thickness  equal  to  the  thickness 
of  the  material  and  the  length  and  width  not  less  than  25  nor  more  than  40  times  the  thickness. 
The  thickness,  length,  and  width  of  each  specimen  shall  be  measured  to  an  accuracy  of  not  less 
than  ±  0.3  percent.  Care  shall  be  taken  to  avoid  obtaining  test  specimens  with  initial  curvature. 

Loading  Procedure  —  the  test  specimen  shall  be  supported  on  rounded  supports  having  a 
radius  of  ourvature  not  greater  than  one-half  in.  (6  mm)  on  opposite  ends  of  a  plate  diagonal, 
and  loaded  in  a  similar  manner  on  the  opposite  ends  of  the  other  diagonal.  The  loading  and 
supporting  frame  shall  be  rigid.  Figure  6  indicates  the  method  of  test  and  shows  details  of  the 
plate  shear  on  four  point  loading  apparatus.  The  load  shall  be  applied  with  a  continuous  and 
uniform  motion  of  the  plate  oorners  to  avoid  the  load  and  reaction  effects.  The  plate  shall  not 
be  stressed  beyond  its  elastic  range,  and  increments  of  load  shall  be  chosen  so  that  not  less 
than  12  and  preferable  15  load-deformation  readings  are  taken. 

To  eliminate  the  effects  of  light  initial  curvature,  two  sets  of  data  shall  be  obtained,  the 
second  set  with  the  panel  rotated  90  degrees  about  an  axis  through  the  center  of  the  plate  and 
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perpendicular  to  the  plane  of  the  plies.  The  two  results  shall  be  averaged  to  obtain  the  shoar 
movable  head  at  a  rate  of  .003  times  the  length  of  the  plate  In  inches  (cm),  expressed  in 
inohes  (cm)  per  minute,  with  a  permissible  variation  of  ±  25  percent. 

Deformation  Measurements  —  the  deformation  shall  be  measured  to  the  nearest  0.001  in. 
(0,02  mm)  at  two  points  on  eaoh  diagonal  equidistant  from  the  center  of  the  plate.  These 
measurements  preferably  shall  be  made  at  the  quarter  point  of  the  diagonals,  and  If  other 
points  than  these  are  chosen,  care  shall  be  taken  to  avoid  location  near  the  modulus  for  the 
plate,  A  satisfactory  arrangement  for  measuring  relative  deformation  Is  indicated  in  Figure  5. 

Calculation  —  the  shearing  mochilus  of  elasticity  shall  be  calculated  as  follows: 

tt  w 


where: 

G  *  shearing  modulus  in  pc  nde  per  square  inch  (kg  per  sq.  cm) 

P  -  load  applied  by  the  test  machine  to  the  panel.  (This  load  is  twice  that  applied  to  eaoh 
corner)  in  pounds  (kg) 

t  *  thioknese  of  the  plate  In  Inches,  (cm) 

w  =  deflection  as  read  on  the  dial  gage  (twice  the  deflection  relative  to  the  center)  In  inches 
(cm)  (Note  3*) 

u  ■  distance  from  the  center  of  the  panel  to  the  point  where  the  deflection  is  measured  in 
inches  (cm) 

The  above  is  based  on  A  STM  Standards  for  the  determination  of  plate  shear. 


♦Note  3  —  The  average  values  of  panel  w  are  generally  taken  from  the  slope  of  a  previously 
plotted  load- deflection  curve. 
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GENERAL  DESCRIPTION 


TORSION  TEST 


When  a  specimen  ia  aubgeuUju  io  tors  ion,  &  couple  normal  to  the  axis  of  the  member  is 
developed  In  every  cross-section,  The  formulae  for  circular  shafts  of  oonstant  c roso- sections 
aret 


r 


=  JEs_ 
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(ID 


(12) 


These  equations  are  based  on  the  following  assumptions:  The  resultant  of  external  foroes  is 
a  couple  in  the  plane  perpendicular  to  the  axis  of  the  shaft  and  these  foroes  are  in  equilibrium. 
The  specimen  is  of  oonstant  cross-section  and  during  the  test  the  axis  remains  straight. 
Planes  normal  to  the  axis  remain  plane  and  the  diameter  in  any  plane  remains  straight,  that 
is,  no  warping  occurs  durin. ;  the  test. 

The  material  must  be  homogeneous  and  isotropic.  The  stress  must  not  exoeed  the  propor¬ 
tional  limit.  While  Equations  (11)  and  (12)  aroused  to  obtain  the  torsional  modulus  of  rupture, 
this  value  Is  not  the  true  stress  but  rather  &  measure  of  the  relative  strengths  of  various 
materials. 

The  ordinary  torsion  formulas  do  not  apply  to  a  shaft  having  a  c roes- section  other  than 
clroular.  There  are  several  disadvantages  associated  with  nonolroular  cross- sections.  St. 
Venant  found  that  plane  sections  do  not  remain  plane  when  subjected  to  torsion.  As  previously 
mentioned  in  the  saddle  shear  test,  three  different  principal  shearing  moduli  are  possible. 
These  shearing  stresses  correspond  to  the  shearing  strains  of  the  three  planes  of  elastic 
symmetry.  In  the  torsion  test  of  non-circular  cross-sections,  these  moduli  have  the  combined 
effect  of  two  of  the  three  moduli. In  order  to  obtain  either  modulus,  it  is  necessary  to  combine 
results  of  tests  on  two  or  more  specimens  having  different  dimensions. 

When  testing  rectangular  cross-sections  the  above  disadvantages  can  be  eliminated  through 
use  of  thin  cross-sections.  This  will  be  shown  in  the  appendix.  As  can  be  seen  in  the  following 
diagram  of  the  elemental  block,  the  maximum  shear  stress  in  a  rectangular  bar  is  at  the 
oenter  of  the  long  side,  that  is  at  a  point  on  the  surface  nearest  the  longitudinal  axis  (axis  of 
twist).  St.  Ven  ant’s  paradox  states  if  two  bare  of  the  same  elastic  material,  but  having  different 
non-circular  cross-sections,  the  one  with  a  lower  polar  moment  of  Inertia  has  the  greater 
torsional  stiffness  and  strength,  provided  there  exists  no  concave  surfaces  in  either  bar. 
No  shearing  stresses  can  exist  on  the  outsit  ^  surfaces;  therefore  only  the  faces  of  the  block 
elements  not  parallel  to  a  surface  are  subjected  to  shearing  stresses.  Since  no  longitudinal 
stresses  are  present  in  block  A,  no  counteracting  stresses  exist  at  the  front  and  back  faces. 
It  is  now  apparent  that  the  shearing  stresses  vary  from  a  maximum  at  the  center  of  the  faces 
to  zero  at  the  corners.  Equations  (11)  and  (12)  are  modified  in  Appendix  IV  to  allow  for  this 
parabolic  stress  pattern. 
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Figure  7.  Torsion  Member  with  Elemental  Blocks 


OUTLINE  OF  EXPERIMENTAL  PROCEDURES 

This  method  describes  a  procedure  for  determining  the  stiffness  characteristics  of 
laminated  plastics  by  direct  measurement  of  the  apparent  modulus  of  rigidity. 

Significance  —  the  property  actually  measured  by  this  method  is  the  apparent  modulus  of 
rigidity,  G,  sometimes  called  the  apparent  shear  mocblus  of  elasticity.  It  is  Important  to  note 
that  this  property  Is  not  the  same  as  the  modulus  of  elasticity,  E,  measured  In  tension,  flexure, 
or  compression.  The  measured  modulus  of  rigidity  is  termed  ‘apparent*  slnoe  it  is  the  value 
obtained  by  measuring  the  angular  deflection  occurring  when  the  specimen  is  subjected  to  an 
applied  torque.  Since  the  specimen  may  be  deflected  beyond  its  elastic  limit  the  calculated 
value  may  not  represent  the  true  modulus  of  rigidity  within  the  elastic  limit  of  the  material. 
In  addition,  the  value  obtained  by  this  method  will  also  be  affected  by  the  creep  characteristics 
of  the  material,  since  the  time  of  load  application  is  arbitrarily  fixed. 

Apparatus 

(a)  The  testing  machine  must  be  capable  of  exerting  a  torque  of  approximately  0,12  to 
1.2  Kg-cm  (0.1  to  1.0  lb-in  )  on  a  test  specimen  with  a  span  of  S8.1  mm  (1.5  to  ).  A  schematic 
diagram  of  a  machine  suitable  for  this  test  Is  shown  In  Figure  8.  The  amount  of  torque  may 
be  varied  to  suit  the  stlffnebB  of  the  test  specimen.  Different  weights  should  be  available  for 
this  purpose.  The  aotual  amount  of  torque  being  applied  by  any  given  combination  of  weights, 
torque  wheel  radii,  and  shaft  bearings  shall  be  determined  by  calibration. 

(b)  Timer  —  a  timer  accurate  to  0.1  sec. 

<o)  Micrometer  —  a  dead-weight  dial  type  micrometer  capable  of  measuring  thicknesses 
accurately  to  0.0025  mm  (0.0001  in.). 
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Figure  8,  Torsion  Tester 
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Teat  Specimens 


cut  L'om  compression-molded  sheets.  Cere  shell  be  taken  to  ensure  that  the  test  specimens 
are  orthotroplo  with  respect  to  the  natural  axis.  A  punch-and-jig  unit  Is  &  useful  tool  for 
punching  the  mounting  holes  in  the  specimen. 

(b)  The  thickness  of  cloth  and  angled  fiber  reinforced  specimens  shall  not  exceed  one- 
tenth  the  width.  For  unwoven  unidirectional  fiber  reinforced  composites  Equations  104  and 
accompanying  table  given  In  Appendix  IV  is  applicable. 


(o)  Duplicate  specimens  of  each  material  shall  be  tested. 


t 

50.8  1  0.025mm  _j 

(2.0  1  0.001) 

i 

_c 

)  c 

1 

63.5  *  0.025mm 

F  (2.5  *  0,001) 

250  10.00!") 

4.5  i  0.025mm, 
(0.250  *  0.001  ) 


3.734  mm  diem. 
(0.147") 


Figure  9.  Test  Specimen 


Procedure 

(a)  Measure  the  width  and  thickness  of  the  specimen  to  three  significant  figures. 

(b)  Carefully  mount  the  specimen  in  the  apparatus.  Adjust  the  clamps  so  there  Is  no  slack 
or  tension  In  the  specimen. 

(o)  Release  the  torque  pulley.  After  5  aeoonda  note  the  angular  deflection  of  the  pulley  and 
return  the  torque  pulley  to  lta  Initial  position.  If  the  reading  thus  obtained  does  not  fall  within 
the  range  of  10  and  100  degrees  of  arc,  vary  the  applied  torque  in  ouch  a  way  as  to  produce 
such  &  reading.  (Note  4*) 

(d)  After  each  suitable  reading  la  obtained,  repeat  the  steps  indicated  in  paragraph  (c) . 


♦Note  4  —  In  order  to  obtain  measured  values  of  apparent  modulus  of  rigidity,  G,  that  are 
comparable  to  the  true  value  of  G  it  is  desirable  that  measurements  be  made  within  the 
elastic  limit  of  the  material  being  tested.  Therefore,  torques  shall  be  chosen  that  will  cause 
deflections  that  are  as  small  as  it  is  practical  to  measure  accurately  on  the  machine  being 
used. 


17 


AFML-TR-65-42 


Calculation 


(a)  Calculate  the  apparent  mochilua  of  rigidity,  O,  at  follow* 


s  —IX. 

wt*d 


03) 


where: 

T  -  Torque 
w  -=  Width  (w*10t) 
t  «  Thiokneet 
B  m  Anglo  of  twitt 

The  abore  teeta  are  bated  on  A  STM  Designation:  D  1043-6 IT  ‘Tan  tad  re  Method  of  Tett  for 
Non-Rigid  Plastic b  at  c  Function  of  Temperature  by  Meant  of  a  Toraion  Tett.* 
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APPENDIX  I 


DERIVATION  OF  ORTHOTROPIC  SHEAR  MODULUS  EQUATION 


In  order  to  derive  an  aquation  for  the  shear  modulus  of  a  two  dimensional  orthotropic 
material  as  a  function  of  Young's  mockiius  of  elasticity  and  Poisson’s  Ratio,  we  start  by 
reo ailing  the  generalised  equations  of  Hookian  behavior  tor  two  dimensional  anisotropy. 
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If  we  consider  an  orthotropic  material  whose  elastic  constants,  parallel  and  perpendicular 
to  the  natural  axes,  may  be  measured,  then,  we  may  obtain  stress-strain  relations  for 
orthotropic  plates. 


In  the  system  shown  (Figure  10),  the  equations  become: 
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The  laws  of  elasticity  are  known  in  directions  1  and  2  but  not  in  the  x  and  y  direction.  We 
desire  to  know  trie  stresses  as  referred  to  a  set  of  axes  x  and  y  which  make  an  angle  <?  with 
the  natural  axes,  1  and  2,  Transformation  equations  for  stress  and  strain  may  be  derived 
from  purely  geometrical  considerations  for  this  new  axis. 

The  following  analysis  derives  the  needed  equations: 


Consider  a  two-dimensional  element  (Figure  11)  subjected  to  a  general  stress  field, 


Figure  11.  Two-Dimensional  Element 

If  the  stress  distribution  Is  known  with  respect  to  a  given  coordinate  axis,  then  It  can  be 
determined  with  respect  to  any  other  coordinate  axis  by  means  of  transformation  equations. 

So  then  consider  an  element  of  unit  thlokness  with  one  face  of  unit  length  perpendicular  to 
the  1  axis.  All  elements  of  a  body  in  equilibrium  are  themselves  in  equilibrium  If  all  external 
and  internal  foroes  are  considered. 


Figure  12.  Stressed  Orientation  for  Element 
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Summing  forces  in  the  1  direction  (Figure  12); 


or 


<r„  -  a%%co*8cot$  -  rRy  *in(?cosf?- 
<r  $tn6sin@-  r  coatfaint?  =  0 

yj  Xjf 

oji  =  o-x%co**8  +  <ryy*in*^  +  2  resist  co*0 


(20) 


Similarly,  considering  an  element  with  face  perpendicular  to  the  2  axis: 


Figure  IS,  Stressed  Orientation  for  Element 
Summing  forces  in  the  2  direction  (Figure  IS): 


°i*  -  <rxx  sin0am0  +  Txy  co*8*md 
-  agK  co*8co*8  +  rxy  sin#  cot  8  *  0 


or 


°aa  *  +  y  00**8  -  2  rxy  sin#cos# 

Then  summing  forces  on  either  element: 

Tj,  +  <tm  sin#cos#- rxy  co*8co*8 

-  O-yy  CO*8*m8  +  TXy  S  i  0  ^  S  •  h  ^  ~  0 


(21) 


23 


AFML-TR-66-42 


or 


a  rt  A  _  /  ft  _  i  _  ft  G  \ 
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Summarily, 
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(23) 
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r(«  *  Oyyftin^coifi-  o^  slndcotd  4-  TXy(  cos*0  -  »ln*0)  t2®) 

If  we  subject  our  system  to  a  stress,  then  from  Equations  14,  15,  and  16,  we  may  write 
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Using  Equation  23: 
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where: 
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We  have  derived  equations  for  stress  related  to  a  new  axis,  we  now  need  to  obtain  an 
equation  for  strain  related  to  the  new  axis. 
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To  set  up  strain  equations  at  a  point  in  a  deformed  body,  consider  a  small  length  r  along 
the  1  axis. 


Figure  14.  Axis  for  Strained  Orientation 

The  projections  of  this  length  on  the  x  and  y  axis  are: 

A*  =  r  cot  8 

Ay  =  r  tin  8 


(31) 

(32) 


If  you  and  v  are  displacements  of  the  point  A,  the  displacements  of  the  point  B  can  bo 
expressed ; 

v’  «  v  ♦  Ax  ♦  ~—Ay 

dt  dy 

After  deformation,  the  coordinates  of  point  B,  which  were  originally  x  and  y  become: 
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The  new  length  of  r  after  elongation  becomes  r  +  c  r,  therefore: 
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Dividing  by  r  and  substituting  for  x  and  y 


(l  +  t)  *  £  co%6  { I  +  )  +  sin0 


co %6  |  -  |  +  *in Q  1 1  + 


-i* 


dy 


Sines  <  and  derivatives 


(3u  du  dv  Ov 
d*  dy  dx  dy 


are  small  quantities,  all  orders  higher  than  the  first  may  be  neglected. 
Expand  and  neglect  higher  order  terms: 

I  +  2  «  =  cos lG  +  2  cos£0  +  2  sin©  cot 6  -x*- 

Px  Oy 

+  si n*$  +  2  sin  Q  HK  2  sin5  cox  Q  — 

Oy  ox 

Then  the  unit  strain  through  a  unit  area  along  AB  becomes: 
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And  since  by  the  classical  strain-displacement  relations: 

«  * 

X*  A, 


Ov 
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then 


dy 


*il  =  *xxC0$*^  +  *yy  *in*^  +  Xxy  *in^c°8^ 


and  conversely. 
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co**^  ♦  *»»  *»n  tQ  +  y.*  *in0co*0 


(43) 


Then  using  Equation  30 


s  <X 

Exx  °xx 


and  substituting  Equation  43 
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and  from  Equation  43 
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By  using  Equations  17,  18,  and  19, 
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Solving  for  yields: 
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When  6  *  4F 
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APPENDIX  II 


CALCULATION  OF  SHEAR  MODULUS  OF  A  FIBER 
REINFORCED  COMPOSITE  FROM  THE  DEFLECTION 
OF  A  QUARTER-POINT  SYMMETRICALLY  LOADED 
BEAM  WITH  A  RECTANGULAR  CROSS-SECTION 


The  effect  at  shearing  force  on  the  deflection  of  a  beam  has  been  discussed  by  Timoshenko 
(Reference  11).  He  shows  that  the  slope  of  the  deflection  curve  due  to  shear  is  equal  to  the 
shearing  strain.  Thus 


i!i_  s  r»yly*o  .  VQ  (47» 

dx  G  '  IWG 


where: 

y  -  deflection  of  beam  due  to  shear 

8 

V  =  shear  force 

Q  *=  first  moment  of  area  about  the  neutral  axis 
I  «  moment  of  Inertia 

w  -  width  of  the  beam  at  y  *  0  (this  Is  assuming  the  neutral  axis  is  located  at  y  =  0) . 

Assuming  email  deflections,  the  equation  for  curvature  of  the  deflected  curve  considering 
both  shear  and  bending  is 


JM _  JO _ dV 

El  IW  dx 


(48) 


where: 


yb  *  deflection  due  to  bending  as  obtained  from  the  Euler-Bernoulli  law. 


Looking  at  Figure  IS  we  see  a  simply  supported  fiber  reinforced  beam  loaded  with  a  force 

P  at  x  »  L/4  and  at  x  *  3L/4.  Slnoe  only  the  normal  stress  a  and  the  shear  stress  r  are 

xx  xy 

considered,  simple  beam  theory  will  still  apply  to  the  case  of  an  orthotropic  material. 


For  a  beam  of  rectangular  oross-soction 


Q  * 


where  d  »  depth  of  the  beam.  Equation  47  becomes 
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dyt  _  3  V 

d  x  ~  2  AG 

where  A,  of  course.  Is  the  cross-section  area.  Using  Equation  48  the  equation  for  curvature 
will  be 


d*v  M  .  3  dV 

u*1  El  2A6  dx 


(49) 


Using  this  equation  for  the  section  0*x  a  L/4  alongwlththe  shear  and  moment  diagram  we  have 
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Figure  15,  Simply  Supported  Fiber  Reinforced  Composite  Beam  with  Quarter- Point 
Symmetric  Loading  Showing  Shear  and  Moment  Diagram 
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Again  applying  Equation  48  to  the  section  L/4  *-L/2  using  the  shear  and  moment  diagram 

we  have 


dx 


+  c. 


ot « *  »  o 

•'  c*a  “beT 

Jh  3  _  PL*  .  Pi? 

dx  “  4EI  8EI 

Integrating  again 

», *  -  +  -Ih '  *  c« 

To  determine  the  constants o^  and c4  we  look  at  the  slope  and  deflection  at  the  point  x  *  L/4. 

The  slope  due  to  bending  in  the  first  section  must  be  equal  to  the  slope  due  to  bending  in  the 
seoond  section.  Thus 


(50 
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(52) 
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APPENDIX  III 

DERIVATION  OF  PLATE  EQUATION  FOR 
SADDLE  SHEAR  TEST 


Aooording  to  St.  Venant’s  principle,  a  square  plate  loaded  with  a  constant  twisting  moment 
along  Its  edges  is  statically  equivalent  to  the  loading  shown  In  Figure  16.  provided  the  thick¬ 
ness  of  the  plate  is  small  In  comparison  to  the  other  dimensions.  For  a  more  detailed  Justifica¬ 
tion  of  this  statement  see  Reference  1.2. 


For  orthotropic  plates 
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(55) 

Let  w  *  deflection  In  z  direction  of  any  point  point  (x,y)  In  the  plane  of  the  plate, 

"y  =-0«(Sr+M>','aM 


(56) 


(57) 
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Gt!  J\l_ 

£  3  % 

v  vnvy 


(58) 


where; 


*  moment  per  unit  length  along  the  edge  parallel  to  the  y-axis 


M. 


moment  per  unit  length  along  the  edge  parallel  to  the  x-axis. 


M  *  twisting  moment  per  unit  length  distributed  along  the  edges. 


D,  - 


V’ 


V 

i  0.  *  11  *•' 


In  this  particular  prohlem 

Ma  s  My=  O  }  M,y  =  Mi 


Using  Equation  52 

s  d'm 

Gh*  dndy 


Integrating  with  respect  to  x 


dm 

dy 


6M, 


Gf 


Integrating  with  respect  to  y 


from  Equation  59 


(59) 
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Using  Equations  56  and  57  with  the  conditions  Mx  = 


0  will  yield 


These  equations  must  be  0  for  all  values  of  x  and 

fj'  |  a  J  *  e<  *  constont 
f,"  j  y  j  *  cf=  constont 


1 

cl 

s 

0 

1 

/V 

c* 

0 

(60) 

(61) 


We  see  the  solution  to  this  Is  ^  *  c2  =  0.  Using  Equations  60  and  61: 

'*  H  1 0 

*•*  '«  («)•=«.*  +  «4 

*;(»)■  o 


'■  I')1  *• 


(62) 


(63) 


y  +  c, 


U  sing  Equations  62  and  63  in  Equation  68  we  have 


6M 


w  = 


Gt 


j-  xy  +  ef  x  cg  y  +  c7 


where  ;  cy  is  *  c4  +  e# 


Other  conditions 
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I.  w  (0,0)  *  0  C7  8  0 


2.  fa 

d* 


*  0 
x  *  y  8  0 


3. 


dw 

dy 


*0  •••  c#  *  0 


Now 


ly  *  y  »  0 


CM. 


G I 


*y 


Replacing  by  the  statically  equivalent  load  shown  In  Figure  16  we  have 

*  .361 


Gt' 


*y 


where  P  *  2  M. 


If  we  let  u  -  the  distance  from  the  origin  along  a  diagonal  of  the  plate: 


(64) 


x  =  y 


V“F 


3Pu 
26  h® 


(65) 


♦Note  5  —  The  orthotropic  stress-strain  relationships  are  good  only  when  the  x  and  y  axis 
are  both  principle  axis  of  symmetry  of  the  orthotropic  material.  Otherwise  Equations  64  and 
65  will  not  work. 
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APPENDIX  IV 


TORSION  OF  AN  ORTHOTROPIC  BAR 


The  St.  Venant  semi-inverse  approach  will  be  used. 


Assume 


Figure  17.  Bar  of  Arbitrary  Cross  Section  Subjected  to  Torsion 


°kx*  °yy  *  °kz  s  Txy  *  0 


Now  applying  orthotroplc  stress-strain  relationships  (assuming  x  -  y  axis  to  be  orthotropic 
axle  of  material) 


*xx  *  exx  >Sy  °yy  ~  ^xs  ^xx)  5 


€yy  *  Eyy(an  ^yx^xx  Myi^xz); 

~  ^zx  °xx  “  Mzy^y  )/ 


*xy 
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we  see  that 


*xx  *  *yy  ”  *22  s  Yxy 

«MX  *  ¥■  S  0  — « ►  « 

**  Ox 


€yy  *  dy  =  0 


«  *  i*-=  0 

11  dz 
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'xy 


s  JiL  +  ilL  .  o 
dy  dx 


0 

f,(y,z  ) 
f,  ( x  ,  z ) 

y*  ,y> 

A  +  A 

dy  dx 


(68) 


Looking  at  a  cross-section  of  a  bar  of  arbitrary  cross-section  we  can  determine  the 
displacements 


Figure  18.  Cross-Section  of  Bar  Having  an  Arbitrary  Shape  ana  Showing  Displacements 

P  is  a  point  at  an  angle  8  to  the  x  axis  and  a  distance  r  from  the  origin.  P  ’  is  the  same  point 

after  being  rotated  through  an  angle  @  where  8  is  the  angular  twist  per  unit  length.  Assuming 

2* 

the  displacements  are  small  we  have  from  Figure  18 


u  =  —  rdz  »in  y  a  -  y#z 
v  =  r9i  cosy  -  xdz 


(69) 


In  order  to  solve  an  elasticity  problem  it  is  necessary  to  satisfy  equilibrium,  compatibility, 
and  boundary  conditions. 
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Looking  first  at  the  equilibrium  equations 


dr*y  . 

dt  dy  dz 
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yy 
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y*  . 
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&TtZ  a. 

da 

ax  + 
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zz 
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Equations  70  will  be  satisfied  provided 


dr. 


XZ 


dz 

dr 


y* 


dz 


=  o 


=  o 


r„=  9|U,y) 


v* 


+ 


dx 


d  y 


=  0 


(70) 


(71) 

(72) 

(73) 


By  using  the  stress  strain  relationships.  Equations  67,  and  the  strain  displacement  relation¬ 
ships,  Equations  €8,  71  and  72  are  satisfied  exactly.  Since  u  and  v  are  continuous  functions 
♦hoy  will  satisfy  coirpst! biiity , 


In  this  approach  a  stress  function  <p  (x,  y)  is  used  which  will  satisfy  equilibrium.  If  we  pick 
<t>  such  that 


xz 


Tyz8 


M-  1 

dy 


(74) 


Equation  73  will  be  satisfied  and  thus  the  equilibrium  conditions  met. 
Now  looking  at  the  compatlbll  ty  equations 


-Jk  *'*»»  ,  aS> 

dxdy  dy*  <H‘ 


(7  5) 
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a«y 

xy 

dydi 

V 

a  Syy  ^€II 

a*#  ay* 

(7$) 

d*  y 
_ U 

9E 

a*« 

a‘«M 

(77) 

a*dz 

7^ 

L  *  a*** 
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JLI 

/  ar 

L  yl  4. 

*y„ 

ar  \ 

*y) 

(78) 

ay  ax 

a« 

^  a* 

dy 

dz  ' 

Hhi 

dtd  z 

9 

ay  ' 

i 

X 

<o  n 

ar 

*',+ 

Uk) 

dz  / 

(79) 

d  i 

r  *y*+ 

(80) 

is  ay 

a* 

l  a* 

dy 

az  / 

can  be  seen  that  since  0  Is  not  a  function  of  a.  Equations  76,  76,  77,  and  80  will  be  satisfied, 
sing  Equations  78  and  79  along  with  stress  Strain  relationships  we  have 


Using  0  In  these  relationships  yields 
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Thus 


_L_  i!t 
d*#  if 


|  (*)  or  o  constant 


Doing  the  (Replacement!  end  the  etrese-*rain  relationships  we  here 

v  an(fr  +  ■•) 


_ 

a>  °yt 

m 

Jta-  .  Jju  +  ,9 

182) 

da  9« 

i!a_,X  i^t  +  e 

dtdi  <3„  dy 

(83) 

dT 

(84) 

a*«  .j _ VL-i 

didy  Gy*  i* 

Subtracting  Equation  84  from  Equation  83 

+  -i-  *t .  -  z0 
o  a»*  c„  »i 


j»«  i!f  +  J_£ .  _  e  «•» 

a»*  a»* 
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To  obtain  boundary  conditions  we  look  at  the  outside  of  a  cross-section  as  follows. 


Figure  19.  Cross  Section  of  Bar  Showing  Boundary  Forces 


T  F  a  0  *  t  co *6  +  r  sin  8  —  t 
**  n  *2  yz  nz 

but  tl„  *  0  on  the  boundory 

VIZ 

J±.J±+  (.  It  V-  is.  \ .  0 

dy  ds  \  dt  J\  d s  / 

or  d<6 

—L.  *  o 

ds 

T ake  c  ■  o  for  solid  cross-section,  thus 

^  «  O  on  boundary 


Now  to  find  expression  for  torque 


y 


Figure  20.  Cross  Section  Showing  Stressed  Element 


dT  *  -  y  r__  M  +  i  r,w  dA 
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Green’s  Theorem  In  a  plane  can  be  used  on  the  first  Integral.  This  theorem  states 
(Reference  IS) 


Let 


JJL 

dx  dy 


dx  dy 


s  J  Pdx  +  Qdy 

curve 


do 

dx 


x 


* 


dP 

dx 


X  y  -  +  d) 

dx  * 


Then 


Q  *  xf  ;  P  =  -  y^ 


Now 


dxdy  *  J*-  y  <£dx  x  <£  dy 
Boundary 


*  /  _  »♦  <•  +  /«* 

Boundory 


From  Figure  20,  the  normal  foroe  at  the  boundary 


dy  « 

dT  *  c0,fl  ‘  ", 

-  ~~  *  »ii»  B  *  n„ 

da  « 


(x  component  of  a  unit  vector  in 
in  the  normal  direction  along  the 
boundary) 

(y  component  of  same  unit  vector) 


Now 

T  *  -/♦  (*".*»«,)  da  +  Z  ff<p  dA 
boundary  A< 

The  first  integral  is  *  0  since  $  «  0  on  boundary 
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T  «  2  JJ  <p  dA  (86) 

Area 

Figure  21  allows  the  cross -section  of  as  orthotropic  bar  subjected  to  torsion.  It  will  be 
assumed  that  a/b  ilQ,  which  will  allow  r  to  be  neglected  (Reference  2).  Thus  the  stress 
function  0  will  be  a  function  of  y  only. 


Equation  85  will  become 


-26  6 
xx 


187) 


Integrating  Equation  87  yields 

a  -  6*x 6 y1  +  S  »  +  c* 


U  sing  the  condition  <J>  ■  0  at  y  «  ±  t/2  we  have 

c,  s  0 

<=.•  6„  6 


and 


1)  stag  Equation  86  for  torque 


♦  *«»,*(  T  '  »*  > 

T'  zIif  ««  •(■*-»*  )<"■<»  = 

“  « 


(88) 

(89) 
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or 


6  * 
xz 


_1L 


«t  '6 


(90) 


Let  us  now  look  at  the  otM  wfaare  the  cross-section  of  a  laminate  la  radially  Isotropic 
(that  is,  Gxz  -  Gyz) .  This  is  illustrated  by  the  case  of  a  unidirectional  layup  of  arbitrary 

cross-section  as  shown  in  Figure  22. 


Figure  22.  Unidirectional  Composite  with  Cross  Section  of  Arbitrary  Shape 


Let  the  torsional  modulus  be  represented  by  G.  Thus 


6  a 

*1 


*  6 


and  Equation  8o  becomes 


V*  <p  =  -  26  6 


<9t) 


which  is  the  standard  torsional  compatibility  equation. Two  cases  will  now  be  illustrated  using 
Equation  91.  The  first  case  will  be  a  cross-section  of  circular  shape  with  radius  R.  Using 
polar  coordinates  let 


$  =  K  (r*  -  R*) 


which  satisfies  the  condition  that  ♦  •  0  on  the  boundary.  Using  this  In  Equation  91  yields 

7*^>  =  4K  *  -  2G0 


Thus 


^  B  —  -j-  gQ  (  r*  —  R * ) 


'xz 


—  g8  r 


(92) 

(93) 
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d<fi 

d» 


=  G0i 


(94) 


Using  Equation  86 


?.-•«//  (r,-R*)rd0dr 
.  -  2lr  G  8  /"( r*  -R*)r  dr 


*  -  2vG6 


vt 


Thus 


T  * 


if  G0R* 
2 


(99) 


or 


6  * 


2T 

tr$H4 


(96) 


Figure  23.  Rectangular  Cross  Section 

If  0  is  chosen  In  this  case  by  multiplying  the  equations  of  the  boundaries,  the  compatibility 
2 

condition  V  0  »  2G(?  cannot  be  satisfied.  So  a  solution  will  be  attempted  In  terms  of  a  double 
Fourier  Series 


Let 


m 

1 

nz  i 


r 

m=i 


sin 


mjr 

w 


X 


sin 


y 
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which  nflsfies  <t>  «=  0  on  boundary 


1  -  a.  [(-=2-)*+ 

n*i  m«i  "*r» 


*  -26® 

Uilnftha  aquation  for  Fourlar  coaffiolonta  wo  have 


a  *  f  f-JUy-. 


•in  -s~-  y  *  dx  dy 


Performlnf  the  Integration  will  yield 


Thun 


cZ 

mn 

*  - 

• 

♦  * 

326®* B 

«•  «» 

.yy  _ 

T* 

Zi  z» 
n=i  i 

mn  [ 

*< 

N 

It 

_  i*  r 

326®  t  * 

V  _ 

it 

•  ^ 

x  •  n=i 

*- 

m=i 

il. 

326® t  ^ 

m 

T  - 

Txx 

iy 

,» 

x  n=i 

4. 

m=i 

3* 6®tB 


4  [(-?*-)  +«*] 


.  ir.r  nx 
•in  *  tin  — -  y 


__  *?  .  nf 

c»»  -j —  x  •  »in  “  y 


•  in  —Ex  •  co*-2^-  y 


Then 


T  *  2 


//*dxdy 

«  -  f  7",n  fil  ,  . 

nntr4[(^-)  ♦*»*]// 


•in  — —  y  •  dx  dy 


(97) 


(98) 


(99) 


(IOO) 
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L«t 


T  * 


2LS<S0wt* 


t  1 

n=i  mai 


_ ! _ 


K 


&-1  l 

it  n«i  m«i 


_ I _ 


(101) 


Then 


Or 


T  «  K  00  wt* 


(102) 


0  • 


_T _ 

K0»t* 


(103) 


Values  of  K  have  boon  found  numerically  (Reference  2)  for  ratios  of  Vw  as  follows 


t 

/  w 


K 


1 

1.5 
2.0 

2.5 
3.0 
4.0 
6.0 

10.0 


0.141 

0.196 

0.229 

0.249 

0,263 

0.281 

0.299 

0.312 

0,333 
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1}  AUTNACT 


The  shear  modulus  of  elasticity  of  a  fiber  reinforced  is  an  extremely 
important  mechanical  property.  The  problem  of  experimentally  determining 
appropriate  shear  modulus  for  orthotropic  materials  such  as  fiber  reinforced 
composites  is  not  as  simple  and  straight-forward  as  in  isotropic  materials, 
and  care  must  be  taken  both  in  the  experimental  methods  and  deviation  and 
use  of  the  appropriate  equations . 

This  report  presents  four  acceptable  methods  for  determining  the 
shear  modulus  of  orthotropic  materials.  Two  methods  are  appropriate  for 
determining  in-plane  shear  modulus  and  two  others  are  for  determining 
"bending”  shear  modulus  which  is  applicable  in  calculating  buckling  loads 
of  laminated  plates  and  shells.  A  discussion  of  each  method  precedes  the 
method  of  experimental  determination.  The  derivation  of  all  pertinent 
equations  are  presented  in  the  appendix  for  easy  reference. 
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